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Abstract
Lorentz invariance is one of the fundamental principles of physics, and, as such, it must be experimentally
tested. The purpose of this work is to obtain, within the Standard-Model Extension, the dynamics of a Lorentz-
violating spinor in a uniform Newtonian gravitational field. This is achieved by treating the spinor as a test
particle and introducing the gravitational field through a uniformly accelerated observer. The nonrelativistic
Hamiltonian is obtained, and some experimental consequences are discussed. One unexpected outcome of this
work is that the gravitational field helps disentangle bounds on coefficients for Lorentz violation.
1 Introduction
Lorentz invariance is part of the foundation of modern physics rendering its empirical validation extremely im-
portant. The Standard-Model Extension (SME) is a framework within effective field theory [1] that incorporates
all possible Lorentz- (and CPT [2]) violating extensions to General Relativity and the Standard Model [3, 4]. A
Lorentz-violating term in the SME is formed by a Lorenz-violating operator, built from conventional fields, con-
tracted in a coordinate independent way with a controlling coefficient. The SME has been widely used for tests of
Lorentz invariance [5]; a list of experiments and constraints can be found in Ref. [6].
The SME coefficients may be “explicit,” namely, objects present in the theory without being dynamical, or
may be “spontaneous” and arise when certain fields attain its vacuum expectation values. In the latter case, the
coefficients have fluctuations about its vacuum expectation value that may have physical implications [7]. As proven
by Kostelecky´ [4], explicit breaking is incompatible with the Bianchi identity, which, in turn, lies at the core of
Einstein’s equations. Therefore, Lorentz violation in the presence of gravity requires spontaneous coefficients.
One of the original motivations for introducing gravity in the context of Lorentz-violating spinors is that some
SME coefficients can only be empirically accessed through couplings with gravity [8, 9]. In this case it is necessary
to solve Einstein’s equations and consider dynamical mechanisms for Lorentz violation, making the calculations
extremely challenging. Kostelecky´ and Tasson [8] were able to study Lorentz-violating spinors in the presence
of a general gravitational field under the linearized metric approximation, leading to the first bounds on some
coefficients. However, in Ref. [8] the SME coefficients associated with spin are disregarded.
The goal of the current work is to incorporate gravity to the analysis of Lorentz-violating spinors without
neglecting the SME coefficients associated with spin. There are two reasons that render this work particularly
interesting. First, spin tests of Lorentz invariance are remarkably sensitive [10], and it is conceivable that, through
gravity couplings, the bounds set with these experiments could be translated into more stringent bounds on other
SME coefficients. Second, the effects of quantum gravity could become manifest when gravity and an inherit
quantum property of matter—like spin—are simultaneously present.
To include spin with the techniques developed in Ref. [8] seems daunting. Thus, the challenge is to find
approximations which properly describe the experimental conditions and, at the same time, allow one to calculate
the Hamiltonian for Lorentz-violating spinors in the presence of gravity. A method achieving this goal is presented
in Sec. 2. Since most experiments testing Lorentz invariance are properly described in the nonrelativistic regime,
the nonrelativistic Hamiltonian is also obtained. Furthermore, an analysis of the physical content and several
consistency checks are presented in Sec. 2. Section 3 contains a brief overview of the experimental consequences of
the resulting Hamiltonian, including a discussion on the possibility of using gravity to disentangle bounds on linear
combinations of SME coefficients. The conclusions are presented in Sec. 4. Finally, the notation and conventions
used throughout the paper are described in Appendix A, and an analysis of field redefinitions is given in Appendix
B.
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2 Formalism
2.1 Starting point
This section is devoted to deriving the Hamiltonian describing the evolution of a Lorentz-violating spinor in the
gravitational environment of a laboratory. Note that, in contrast with other research programs [11], in this work
the spacetime metric is not assumed to be Lorentz-violating. In addition, the mechanisms that could generate
SME coefficients, which have been studied in contexts such as string theory [12], noncommutative spacetime [13],
loop quantum gravity [14], nonminimal gravitational couplings [15], and through spontaneous symmetry breaking
of vector and tensor fields [16], are not the concern of the present work. Here, Lorentz violation occurs in the spinor
field and its sources are not considered.
Under the test-particle approximation, the contribution of the spinors to the spacetime curvature is disregarded
and their energy-momentum tensor does not enter into Einstein’s equations. Being a good approximation for most
laboratory experiments, this approximation is assumed, and the theorem forcing the SME coefficients to arise
spontaneously can be circumvented. In other words, under the test-particle approximation, the fluctuations of the
SME coefficients can be consistently neglected, making the calculations manageable.
Moreover, in this work the attention is focused on a free Dirac spinor ψ, and only Lorentz-violating terms of
renormalizable dimensions are considered. This subset of the SME is called the minimal matter sector, and the
spinor action in a general curved spacetime background is given by [4]
S =
∫
d4xe
[ i
2
eµaψ¯Γ
a∇µψ −
i
2
eµa(∇µψ¯)Γ
aψ − ψ¯Mψ
]
, (1a)
where Γa and M are defined as
Γa = γa − cµνη
aceµb e
ν
cγ
b − dµνη
aceµb e
ν
cγ5γ
b − eµη
aceµc − ifµη
aceµc γ5 −
1
2
gµνρη
abeµc e
ν
de
ρ
bσ
cd, (1b)
M = m+ im5γ5 + aµe
µ
aγ
a + bµe
µ
aγ5γ
a +
1
2
Hµνe
µ
ae
ν
bσ
ab. (1c)
The explicit form of the covariant derivatives ∇µ acting on ψ is presented in Appendix A. In this case, the SME
coefficients are aµ, bµ, cµν , dµν , eµ, fµ, gµνρ = −gνµρ, and Hµν = −Hνµ, which are assumed to have small
components in any experimentally relevant coordinate system [17]. The chiral mass m5 is only included for the
purpose of generality; for simplicity, it is also considered small.
The equation of motion for the spinor obtained from the action (1) is
0 = ieµaΓ
a∂µψ +
i
2
eµaωµcd
(
ηacΓd +
i
4
{Γa, σcd}
)
ψ +
i
2
eµa(∂µΓ
a)ψ −Mψ, (2)
with ωµab being the spin connection (see Appendix A). The goal is to find a Hamiltonian for ψ defined as the
time-evolution operator i∂0. To do so, it is necessary to restrict the analysis to a static (and torsion-free) spacetime
where there is no contribution to the spinor evolution from spacetime. Before doing so, it is important to remark
that, from this point on, ψ is regarded as a spinorial wave function in the context of one-particle quantum mechanics
and not as a quantum field.
2.1.1 General static spacetime
In any static spacetime the tetrad can be chosen as [18]
eµ0 = δ
µ
0 e
0
0(x
k), eµj = δ
µ
i e
i
j(x
k), (3)
where e00 6= 0. Therefore, the equation of motion (2) can be brought to the form
0 = ie00Γ
0∂0ψ + ie
i
jΓ
j∂iψ +
i
2
eµaωµcd
(
ηacΓd +
i
4
{Γa, σcd}
)
ψ +
i
2
eµa(∂µΓ
a)ψ −Mψ. (4)
Note that, if e00Γ
0 is inverted, a Hamiltonian can be read from this equation.
The inner product associated with such a Hamiltonian can be obtained by inspecting the corresponding conti-
nuity equation [8, 19], and, in general, it is not the standard inner product of nonrelativistic quantum mechanics,
〈ψ1, ψ2〉 =
∫
Σ
dvψ†1ψ2, (5)
2
where ψ1 and ψ2 are any (square-integrable) spinors and Σ is a Cauchy surface for which the natural volume
element is dv. Since the goal is to find a Schro¨dinger-like equation, it is convenient to use a method yielding to the
inner product (5). It has been shown [8] that this can be achieved with a field redefinition ψ = Wχ, where W is
chosen so that the factor of i∂0χ becomes e
0
0γ
0, which, in addition, can be easily inverted.
Observe that, in contrast to the case where gravity is disregarded [20], here it is difficult to find a field redefinition
valid to all orders in the SME coefficients. However, it is possible to verify that W = (3 − γ0Γ0)/2 = W † works
to first order in m5 and the SME coefficients, which is an approximation used for the rest of this paper. The
Hamiltonian obtained with this method takes the form
H = −i
eij
e00
γ0Γ˜j∂i +
1
e00
γ0M˜, (6a)
where
W¯ = γ0W †γ0, (6b)
Γ˜a = W¯ΓaW, (6c)
M˜ = W¯MW − ieµaW¯γ
a(∂µW )−
i
2
eµaW¯ (∂µΓ
a)W −
i
2
eµaωµcdW¯
(
ηacΓd +
i
4
{Γa, σcd}
)
W. (6d)
2.1.2 Uniform Newtonian gravitational field
The background spacetime has to be chosen to properly characterize the gravitational environment in laboratory
experiments. This can be achieved by a uniform Newtonian field, which, in turn, is described by a flat spacetime as
seen by a uniformly accelerated observer provided that the observer’s acceleration is identified with the gravitational
acceleration. The corresponding metric can be written [21, 22] as
ds2 = −(1 + Φ)2dt2 + dxidxi, (7)
where Φ is the uniform Newtonian potential satisfying ∂0Φ = 0 and ∂i∂jΦ = 0. That this metric accurately describes
the gravitational environment in laboratory experiments can be justified from the fact that the Schwarzschild metric
in Fermi-like coordinates associated with a fixed observer at the Earth’s surface, takes the form of Eq. (7) plus the
curvature tensor contracted with two powers of a suitably defined distance [23]. These additional terms generate
tidal effects and can be neglected when the size of the experiment is much smaller than the spacetime-curvature
radius, as in most laboratory experiments. In fact, it has been explicitly shown that the metric (7) properly
represents gravity in certain laboratory experiments (see Refs. [24, 25]).
Moreover, given that the spacetime under consideration is flat, it can be assumed that the covariant derivatives
of the SME coefficients vanish globally, which is the generalization of the condition that, in the absence of gravity,
the partial derivatives of the coefficients with respect to a Minkowskian reference frame are zero.
For the metric (7) the tetrad can be chosen as
e00 = (1 + Φ)
−1, eij = δ
i
j . (8)
In addition, it is possible to check that the nonvanishing Christoffel symbols are
Γ00i = Γ
0
i0 = (1 + Φ)
−1(∂iΦ), Γ
i
00 = η
ij(1 + Φ)(∂jΦ), (9)
and thus
eµaωµcd =
(∂iΦ)
1 + Φ
δ0a
(
δicδ
0
d − δ
0
cδ
i
d
)
. (10)
Taking this into the account, the Hamiltonian (6) takes the form
H = −i(1 + Φ)γ0Γ˜i∂i + (1 + Φ)γ
0M˜, (11a)
where
Γ˜i = γi + Γi +
1
2
[
γ0γi,Γ0
]
, (11b)
M˜ = m+M −
m
2
{γ0,Γ0} −
i
2
γ0γi(∂iΓ
0)−
i
2
(∂iΓ
i)−
i
2
(∂iΦ)
1 + Φ
(
γi + Γi + γ0γiΓ0
)
. (11c)
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To first order in m5 and the SME coefficients, the relativistic Hamiltonian for a Lorentz-violating spinor in a
uniform Newtonian gravitational field is given in Eqs. (11). Bear in mind that, even though Lorentz invariance
is associated with relativity, the goal of this paper is to set the framework to look for experimental evidence of
Lorentz violation in the presence of a uniform Newtonian gravitational field in experiments where the particles
have nonrelativistic velocities, and can thus be described by a Schro¨dinger equation. This is why the nonrelativistic
limit is sought, which is done next.
2.2 Nonrelativistic limit
The standard procedure to calculate the nonrelativistic Hamiltonian when dealing with spinors in the context
of relativistic quantum mechanics is through a series of unitary transformations [26]. The idea is to write the
Hamiltonian as
H = mγ0 + E +O, (12)
where E and O are respectively called the even and odd parts of the Hamiltonian; O is defined as the part of
the Hamiltonian that couples particle and antiparticle degrees of freedom. Thus, in the nonrelativistic limit, O
is expected to vanish. In general it is extremely hard to find a unitary transformation that eliminates O. The
alternative is to perform a series of unitary transformations, called Foldy–Wouthuysen transformations, each of
which removes from O the leading contribution in ∂i/m. After three iterations, the Hamiltonian, containing terms
with two or less spatial derivatives, takes the form
HFW = mγ
0 + E +
1
2m
γ0O2 −
1
8m2
[O, [O, E ]] −
i
8m2
[O, ∂0O]. (13)
Note that this approximation properly describes nonrelativistic experiments since ∂i may act on either the wave
function, in which case it may be regarded as the particle’s momentum, or on the Newtonian potential, resulting in
the gravitational acceleration. For nonrelativistic experiments, the momentum of the particle and the gravitational
acceleration (∼ 10−32 GeV) are small with respect to m, and thus the aforementioned truncation is justified.
To illustrate the method, the nonrelativistic Hamiltonian is calculated in the absence of Lorentz violations and
when m5 = 0. In this case, the relativistic Hamiltonian is
HLI = −iγ
0γi(1 + Φ)∂i +mγ
0(1 + Φ)−
i
2
γ0γi(∂iΦ), (14)
where the subindex LI is a reminder that this quantity is associated with the Lorentz-invariant and m5 = 0 case.
To calculate the nonrelativistic Hamiltonian, the even and odd parts of the Hamiltonian must be identified. In this
case, these parts are given by
ELI = mγ
0Φ, (15)
OLI = −iγ
0γi
[
(1 + Φ)∂i +
1
2
(∂iΦ)
]
. (16)
Inserting these expressions in Eq. (13) leads to
HFW,LI = mγ
0(1 + Φ) +
ηij
2m
γ0
[
− (1− Φ)(1 + Φ)2∂i∂j +
1
2
(1 + 2Φ)(∂iΦ)(∂jΦ)− (1 − 3Φ)(1 + Φ)(∂iΦ)∂j
]
−
iǫk
ij
4m
γ0Σk(1 − 3Φ)(1 + Φ)(∂iΦ)∂j , (17)
which is the nonrelativistic Hamiltonian for a Lorentz-invariant spinor in a uniform gravitational field.
The next step is to include m5 and the SME coefficients. For that purpose, E and O must be read from the
Hamiltonian (11). Then these parts are substituted into Eq. (13), retaining only the leading contributions in m5
and the SME coefficients. Since only linear terms in these quantities are sought, the calculations are done one
coefficient at a time. Recall that the covariant derivatives of the SME coefficients vanish by assumption, which is
used to calculate the partial derivatives of these coefficients.
The contribution of m5 to the nonrelativistic Hamiltonian is
∆HFW = −
m5
4m
Σk(1 + Φ)(1 − 3Φ)(∂kΦ), (18)
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which must be added to the Lorentz-invariant nonrelativistic Hamiltonian (17). The same calculation is repeated
for all the SME coefficients. The correction to the nonrelativistic Hamiltonian coming from aµ is
∆HFW = a0−
iaiη
ij
m
γ0(1+Φ)2 (1− Φ) ∂j−
iaiη
ij
2m
γ0(1+Φ)(1−3Φ)(∂jΦ)−
ai
4m
ǫk
ijγ0Σk(1+Φ)(1−3Φ)(∂jΦ). (19)
Similarly, the contribution of bµ to the nonrelativistic Hamiltonian is
∆HFW = −bi(1 + Φ)Σ
i + i
b0
2m
γ0Σk
(
2(1− Φ2)∂k + (1− 3Φ)(∂kΦ)
)
− i
3ǫiklbi
4m2
(1 + Φ)2(∂kΦ)∂l
+
bi
2m2
(ηilΣk − ηklΣi)
[
(1 + Φ)3∂k∂l + (1 + Φ)(∂kΦ)(∂lΦ) +
3
2
(1 + Φ)2((∂kΦ)∂l + (∂lΦ)∂k)
]
. (20)
When calculating the effects of cµν , it is possible to study the irreducible components, c(µν) and c[µν], separately.
For c(µν) the additional piece for the nonrelativistic Hamiltonian is
∆HFW = −mc00γ
0(1 + Φ)−1 −
ηij
2m
c00γ
0
[
− (1 − Φ)∂i∂j +
1
2
1 + 2Φ
(1 + Φ)2
(∂iΦ)(∂jΦ)−
1− 3Φ
1 + Φ
(∂iΦ)∂j
]
+
iǫk
ij
4m
c00γ
0Σk
1− 3Φ
1 + Φ
(∂iΦ)∂j + 2iη
ijc(0i)(1 + Φ)
−1
[
(1 + Φ)∂j +
1
2
(∂jΦ)
]
+
1
2
ǫk
ijc(0i)Σ
k(1 + Φ)−1(∂jΦ)− i
ǫm
ikηjlc(ij)
4m
γ0Σm(1 + Φ)(1 − 3Φ) [(∂kΦ)∂l − (∂lΦ)∂k]
+
ηikηjlc(ij)
2m
γ0
[
2(1− Φ)(1 + Φ)2∂k∂l + (1 − 3Φ)(1 + Φ) ((∂kΦ)∂l + (∂lΦ)∂k)− (1 + 2Φ)(∂kΦ)(∂lΦ)
]
,
(21)
and the contribution of c[µν] is
∆HFW = −
1
2
ǫk
ijc[0i]Σ
k(1 + Φ)−1(∂jΦ)− i
ǫm
ikηjlc[ij]
4m
γ0Σm(1 + Φ)(1− 3Φ) [(∂kΦ)∂l − (∂lΦ)∂k] . (22)
Again, the irreducible components of dµν , d(µν) and d[µν], can be independently analyzed. The symmetric
components generate
∆HFW = −id00Σ
i(1 + Φ)−2
[
(1 + Φ)∂i +
1
2
(∂iΦ)
]
+md(0i)γ
0Σi
+
ηij
2m
d(0i)γ
0Σk
[
− (1 + Φ) (3− 5Φ)∂j∂k −
1
2
(1− 15Φ)((∂jΦ)∂k + (∂kΦ)∂j) +
3 + 5Φ
1 + Φ
(∂jΦ)(∂kΦ)
]
+i
ǫijk
4m
d(0i)γ
0(1− Φ)(∂jΦ)∂k − iη
jkd(ij)Σ
i
[
(1 + Φ)∂k +
1
2
(∂kΦ)
]
, (23)
and from the d[µν] components, the contribution to the nonrelativistic Hamiltonian is
∆HFW = −md[0i]γ
0Σi +
ηij
2m
d[0i]γ
0Σk
[
− (1 + Φ)2∂j∂k −
3
2
(1 + Φ)((∂jΦ)∂k + (∂kΦ)∂j)− (∂jΦ)(∂kΦ)
]
−i
ǫijk
4m
d[0i]γ
0(1− Φ)(∂jΦ)∂k − iη
jkd[ij]Σ
i
[
(1 + Φ)∂k +
1
2
(∂kΦ)
]
. (24)
The corresponding addition to the Hamiltonian coming from eµ is
∆HFW = −me0 −
i
4m
ǫk
ije0Σ
k(1− 3Φ)(∂iΦ)∂j −
1
4m
ηije0(∂iΦ)(∂jΦ) + iη
ijeiγ
0
[
(1 + Φ)∂j +
1
2
(∂jΦ)
]
, (25)
and fµ produces
∆HFW =
1
2
f0γ
0Σi(1 + Φ)−1(∂iΦ) + i
ηijfi
4m
Σk(1 + Φ)(1 − 3Φ) [(∂jΦ)∂k − (∂kΦ)∂j ] . (26)
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The gµνρ coefficient can be irreducibly decomposed [27] as
gµνρ = g
(A)
σ εµνρ
σ +
2
3
g
(T )
[µ gν]ρ + g
(M)
µνρ , (27a)
where
g(A)µ =
1
6
gνρσεµ
νρσ, (27b)
g(T )µ = g
ρσgµρσ, (27c)
g(M)µνρ =
1
3
(
2gµνρ − gρµν − gνρµ + gµρg
αβgναβ − gνρg
αβgµαβ
)
(27d)
are respectively known as the axial, trace and mixed-symmetry parts. The mixed-symmetry part satisfies g
(M)
µνρ εσ
µνρ
= 0 and g
(M)
µρσ gρσ = 0, but it cannot be written in a simple manner in terms of gµνρ and geometric tensors.
Therefore, even though it is the natural separation from the point of view of the discussion presented in Appendix
B, the separation in irreducible components is not practical for the calculation at hand. Instead, the effects of the
components g0i0, g0ij , gij0, and gijk are studied separately. In the g0i0 case,
∆HFW =
ηij
2
g0i0γ
0(1 + Φ)−2(∂jΦ)− iǫm
ijg0i0γ
0Σm(1 + Φ)−2
[
(1 + Φ)∂j +
1
2
(∂jΦ)
]
. (28)
The presence of g0ij generates
∆HFW = −i
ηikηjl
2m
g0ij(1− 3Φ)(∂kΦ)∂l
+
ǫm
ilηjk
2m
g0ijΣ
m
[
− 2(1− Φ2)∂k∂l − (1− 3Φ) ((∂kΦ)∂l + (∂lΦ)∂k) +
1 + 2Φ
1 + Φ
(∂kΦ)(∂lΦ)
]
. (29)
The terms produced by gij0 are
∆HFW = −
m
2
ǫm
ijgij0Σ
m − i
ηikηjl
8m
gij0(1 + 9Φ) [(∂kΦ)∂l − (∂lΦ)∂k]
−
ηklǫm
ij
4m
gij0Σ
m
[
(1 + Φ)2∂k∂l + 3(1 + Φ)(∂kΦ)∂l + (∂kΦ)(∂lΦ)
]
+
ηikǫm
jl
2m
gij0Σ
m
[
− 2(1− Φ2)∂k∂l − (1− 3Φ)((∂kΦ)∂l + (∂lΦ)∂k) +
1 + 2Φ
1 + Φ
(∂kΦ)(∂lΦ)
]
+
ǫijk
8m
gij0Σ
l
[
2(1 + Φ)2∂k∂l + 3(1 + Φ) ((∂kΦ)∂l + (∂lΦ)∂k) + (∂kΦ)(∂lΦ)
]
, (30)
and the gijk components produce
∆HFW =
i
2
ηklǫm
ijgijkγ
0Σm
[
(1 + Φ)∂l +
1
2
(∂lΦ)
]
. (31)
Finally, the contribution of Hµν is
∆HFW = −
ηij
4m
H0i(1− 3Φ)(∂jΦ) + i
ǫk
ij
2m
H0iΣ
k
[
2(1− Φ2)∂j + (1− 3Φ)(∂jΦ)
]
+
1
2
Hijǫk
ijγ0Σk(1 + Φ) +
2ηikǫm
jl + ηklǫm
ij
16m2
Hijγ
0Σm × (1 + Φ)(∂kΦ)(∂lΦ)
+
ǫijk
16m2
Hijγ
0Σl
[
4(1 + Φ)3∂k∂l + 6(1 + Φ)
2 ((∂kΦ)∂l + (∂lΦ)∂k) + 3(1 + Φ)(∂kΦ)(∂lΦ)
]
. (32)
To first order in m5 and the SME coefficients, the nonrelativistic Hamiltonian HFW is composed of the Lorentz-
invariant Hamiltonian (14) plus the corrections given in Eqs. (18)-(32). Observe that each SME coefficient couples
with spin and gravity in a particular way, and, in principle, every term in these expressions can be used to look
for the coefficients’ effects. However, before seeking these effects, it is convenient to analyze which terms in HFW
are not physical. This is done next. For simplicity, for the rest of the manuscript, all the equations are only valid
to linear order in Φ and ∂iΦ. Also, the nonrelativistic Hamiltonian HFW is written in terms of the momentum
operator pi = −i∂i, which is assumed to act on everything on its right.
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2.3 Physical terms
As discussed in Appendix B, it can be shown that some combinations of SME coefficients cannot have physical
meaning. This analysis is done by redefining the spinor field at the level of the action. Nevertheless, to this point
all the SME coefficients have been preserved to provide an additional method to check the resulting Hamiltonian.
The idea is that all the unphysical combinations of SME coefficients must cancel through unitary transformations.
Any unitary transformation U = eiS has to be even, to avoid coupling particles and antiparticles, and, to be
compatible with the nonrelativistic approximation, it must have two or fewer powers of momentum. Under these
conditions, the most general S = S† is
S = A+Bγ0 + CiΣ
i +Diγ
0Σi +
(
Ei + F iγ0 +GijΣ
j + Iijγ
0Σj
) pi
m
+
(
J ij +Kijγ0 + Lijk Σ
k +M ijk γ
0Σk
) pi
m
pj
m
, (33)
where it is assumed that A, B, etc., are real, linear in the SME coefficients and may depend on Φ. Unitary
transformations in the Lorentz-invariant case are analyzed in Ref. [28]. To leading order in the SME coefficients,
the result of this unitary transformation is
H ′FW = e
iSHFWe
−iS − ieiS∂0e
−iS
= HFW + i[S,HFW,LI]− (∂0S). (34)
At this stage, a generic expression for the terms in S is needed. At the corresponding order of approximation
such expressions can be used to check that the first partial derivatives with respect to the spacetime coordinates
are proportional to the SME coefficient contracted with (∂iΦ) and the second derivatives vanish. Therefore, H
′
FW
contains terms like F i(∂iΦ)− (∂0A), and[
−ηij(∂iB) + (K
ij +Kji)(∂iΦ)− (∂0E
j)
] pj
m
. (35)
These terms can be chosen to cancel any real term in the Hamiltonian containing an SME coefficient, a factor
of either (∂iΦ) or (∂iΦ)pj , and that is proportional to the identity matrix. Analogous derivations permit the
conclusion that the same is valid for any even Dirac matrix. Therefore, any real term in HFW proportional to an
SME coefficient and either (∂iΦ) or (∂iΦ)pj can be removed. Observe that the factor −i(∂iΦ) = piΦ− Φpi is not
real, and thus it cannot be removed with these transformations.
After the unphysical terms are removed, the nonrelativistic Hamiltonian can be brought to the form
H ′FW =
(
mγ0 + aˆ0 −mcˆ00γ
0 −meˆ0
)
(1 + Φ) +
(
−bk +mdˆk0γ
0 +
ǫk
lm
2
(
−mgˆlm0 +Hlmγ
0
))
Σk(1 + Φ)
+
ηil
2m
[
alγ
0 −m(cˆ0l + cˆl0)−melγ
0
]
[(1 + Φ)pi + pi(1 + Φ)]
+
1
2m
[
−δik bˆ0γ
0 +mδikdˆ00 +mη
ildkl + ǫk
il
(
−
1
2
γ0(∂lΦ)−mgˆ0l0γ
0 + Hˆ0l
)
−
m
2
ηinǫk
lmglmnγ
0
]
×Σk [(1 + Φ)pi + pi(1 + Φ)]
+
1
2m
(
ηijγ0 − ηij cˆ00γ
0 − ηilηjm(clm + cml)γ
0
)
p(i(1 + Φ)pj)
+
1
2m2
[
ηijbk − η
ilδjkbl −mη
ilδjkdˆl0γ
0 +
m
2
ǫk
lmηij gˆlm0 −
ǫilmδjk
2
(
mgˆlm0 +Hlmγ
0
)]
Σkp(i(1 + 3Φ)pj)
+
1
m
[
ηilδjk(dˆ0l + dˆl0)γ
0 + ǫk
ilηjm(gˆlm0 − gˆ0lm)
]
Σkp(i(1 + Φ)pj), (36)
where the coefficients with a caret get a factor 1− nΦ, n being the number of indices that are zero. For example,
aˆ0 = (1 − Φ)a0, cˆk0 = (1− Φ)ck0,
dˆ00 = (1 − 2Φ)d00, Hˆij = Hij .
Recall that Eq. (36) is only valid to linear order in Φ. Also, observe that in Eq. (36) all the SME coefficients have
a caret.
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One advantage of using the caret notation is that the linear combinations of SME coefficients appearing in the
Hamiltonian (36) coincide with those of Ref. [29] where gravity is disregarded (up to signs from using different
metric signatures). Therefore, the result of this work is that the effects of a uniform gravitational field can be
introduced through redshift factors in the rest energy term, the momentum, and the SME coefficients. It is easy
to verify the SME coefficients get a factor (1 + Φ)−1 for each zero index. However, it is not straightforward to
understand the couplings of the gravitational potential and the momentum. In particular, it would be interesting to
understand the separation of the terms quadratic in momentum that contain Σk into those where the gravitational
factor is 1 + 3Φ and those where the factor is 1 + Φ. Clearly, to grasp these issues, it is necessary to keep higher
order terms in Φ, which lies outside the scope of this paper.
2.4 Consistency checks
In this section, some limits of the Hamiltonian (36) and consistency checks are considered. First, the Hamiltonian
(36) coincides with the one of Hehl and Ni [21] in the limit where all the SME coefficients are set to zero (provided
that σi in Ref. [21] is identified with γ0Σi). In addition, in the limit where Φ = 0, the Hamiltonian (36) agrees with
the nonrelativistic Hamiltonian of Refs. [29, 30]. Moreover, the calculation of spin-independent SME coefficients in
a general gravitational field [8] is also used to compare, and, where there is overlap, the nonrelativistic Hamiltonian
of Ref. [8] coincides with the Hamiltonian (36).
Note that γ0 only appears in the Hamiltonian (36) in terms having no SME coefficients and an even number of
momentum (and derivatives) or in terms having a coefficient with an odd (even) number of indices and odd (even)
powers of momentum. This is closely related to the result [3] that coefficients with an odd (even) number of indices
are CPT odd (even). Also, causality, the loss of unitarity, and other related issues should not present additional
complication than in the nongravitational SME [31] because, after all, in this work, spacetime is flat.
In the representation of the Dirac matrices that is used, the particle Hamiltonian corresponds to the 2 × 2
upper-left block of Eq. (36). In practice, this Hamiltonian is obtained by replacing the 4 × 4 identity matrix and
γ0 with the 2× 2 identity matrix and Σk with the Pauli matrices σk. Since the coefficient structure is compatible
with that of the gravity-free case, the antiparticle Hamiltonian can be generated from the particle Hamiltonian
with the same replacements discussed in Ref. [29].
As mentioned in Appendix B, the observable combinations of coefficients can be obtained from those observable
combinations in the gravity-free case by writing carets over the coefficients. This automatically guarantees that
the Hamiltonian (36) is compatible with the restrictions coming from the freedom to redefine the fields at the level
of the action.
Note that the Hamiltonian (36) is Hermitian with respect to the standard inner product of nonrelativistic
quantum mechanics. To check this, it has to be considered that pi acts on the SME coefficients in the self-adjoint
Hamiltonian. However, the assumption that the SME coefficients have vanishing covariant derivatives can be used
to verify that the momentum operator acting on any coefficient with a caret vanishes.
Moreover, the Hamiltonian (36) is not explicitly invariant under the gauge transformation associated with Φ.
Adding a constant to Φ amounts to changing the height where Φ = 0, which, in turn, is associated with the position
of the accelerated observer. Thus, to check that the physics is invariant, it is necessary to consider that, under
such transformation, the height of the observer changes and time at this new height gets redshifted. If this effect
is considered, it is possible to verify that the physics is invariant under such transformation. In the next section,
some comments on the experimental implications of the Hamiltonian (36) are given.
3 Experimental consequences
To date, there is no compelling experimental evidence of unconventional effects associated with gravity, even when
spin-polarized matter is used (see, e.g., Ref. [32]). Nevertheless, empirical tests where gravity plays an important
role, including those associated with Lorentz violation, may become relevant as they could uncover new physics.
In what follows, some proposals to empirically look for the effects of the Hamiltonian (36) are briefly discussed.
Atomic interferometers are a class of experiments that are sensitive to the gravitational field [33] and which
have been used to set bounds on SME coefficients [34]. In fact, these experiments offer one of the most compelling
techniques to test for spin-insensitive coefficients [35]. One interesting possibility is to modify these experiments
and make them sensitive to spin. However, it seems unlikely that these experiments could compete with the
experiments that have set bounds on spin-dependent coefficients [10].
In laboratory experiments, coefficients associated with higher orders of momentum are typically more difficult
to constrain. The terms in the Hamiltonian (36) with n powers of momentum have a remaining piece that has
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n − 1 momentum operators since one of the pi can act on Φ. In principle, this could be used to constrain SME
coefficients associated with certain powers of momentum with experiments sensitive to fewer momentum powers.
Nevertheless, this seems unfeasible since the gradient of the gravitational field on Earth is incredibly small. In
addition, astrophysical observations [36] can be used to test the regime where the higher order in momentum terms
dominate.
It is noteworthy that the first line in Eq. (36) behaves like a spin-dependent mass. Therefore, experiments
testing the universality of freefall [37] could become sensitive to the parameters in those terms, particularly if the
experiments are modified to become sensitive to spin polarization.
An intriguing consequence of the Newtonian gravitational potential is that, in any experiment done on Earth,
the bounds are actually set on linear combinations of SME coefficients with carets. Namely, each coefficient in
these linear combinations has a different power of the factor 1 + Φ. Since Φ depends on the altitude, by doing
experiments at different heights, it should be possible to translate the constraints from linear combinations into
individual bounds. One of the main advantages is that, to disentangle the bounds, there is no need to modify the
experiments. In addition, this can be used for all the SME coefficients, including those that are spin sensitive, since
Φ affects all the SME coefficients in the same way.
That gravity allows one to translate bounds on combinations of SME coefficients into individual constraints
resembles the observation [38] that different energies can also be used to disentangle bounds. This result can be
traced to the fact that the Lorentz factor couples differently with each SME coefficient [29]. Here the gravitational
field is introduced through a uniformly accelerated observer, which, in turn, is related to an inertial observer through
a series of boosts, thus, it is not surprising that a similar result is found.
As mentioned above, some SME coefficients acquire a sign when changing from particle to antiparticle. This
could be also used to separate bounds [39]. Of course, experiments with antimatter are daunting. Nevertheless,
freefall tests with antimatter will be performed in the near future [40]. It is most likely that, to disentangle all
SME bounds, every possible mechanism would be needed, and gravity could play a highly unanticipated role in the
search for Lorentz violation.
4 Conclusions
The nonrelativistic Hamiltonian for the minimal matter SME sector in the presence of gravity has been derived,
including, for the first time, spin-sensitive SME coefficients. The basic ideas used throughout the calculation are
that a uniform Newtonian gravitational field is an accurate description of gravity for most laboratory experiments,
and that flat spacetime as described by a uniformly accelerated observer models this gravitational environment.
The spinors are taken as test particles, and in this approximation it is consistent to neglect coefficient fluctuations,
which simplifies the calculations dramatically.
One of the consequences of this analysis is that, since gravity couples to each SME coefficient in a different way,
by doing experiments at different altitudes, it could be possible to separate the bounds from constraints on linear
combinations of coefficients into individual constraints. It should be mentioned that disentangling these bounds
would exhaust the possibility that some SME coefficients are nonzero but, for some reason, the effect of these
coefficients cancels. Also, if there is some day a positive signal for Lorentz violation, when trying to come out with
a fundamental explanation, it would be necessary to know which coefficients are responsible for such a signal.
At the classical level, the effects of explicit SME coefficients in the presence of gravity have been incorporated
in the framework of pseudo-Riemann–Finsler geometry [41, 42]. Since there is a considerable overlap in the as-
sumptions of this work and those taken in the pseudo-Riemann–Finsler treatment, it is tempting to understand the
connections between these approaches. Other extensions to this work are, for instance, generalizing the method
to any static background spacetime. In this case, it would still be possible to use the test-particle approximation
and consistently neglect the coefficient fluctuations; however, the assumption that the coefficients have vanishing
covariant derivatives would only be valid locally. Also, it seems interesting to generalize the method to other
SME sectors, including the neutrino [43] and nonminimal sectors [44], where operators of arbitrary dimension are
considered.
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A Notation and conventions
The notation and conventions used throughout the paper, which follow closely Ref. [4], are explained here. Greek
letters are used as spacetime indices and the spacetime metric, gµν , has signature (− + ++). As is customary,
the metric and its inverse, gµν , are used to lower and raise spacetime indices. The covariant derivative and the
spacetime volume 4-form associated with gµν are respectively denoted by ∇µ and εµνρσ. Note that ∇κεµνρσ = 0.
As usual, ∂µ is used to represent the derivative with respect to the coordinates.
The tetrad is a set of vectors {eµa} satisfying gµνe
µ
ae
ν
b = ηab, where ηab = diag(−1, 1, 1, 1). Note that the Latin
indices from the beginning of the alphabet (a, b, c, d, e, f) can be thought of as tangent-space indices, making them
appropriate for the Dirac matrices. These indices run from 0 to 3, 0 being the temporal coordinate. Latin indices
of the middle of the alphabet (i, j . . . , n) refer only to the spatial components and run from 1 to 3. Also, ηab and
its inverse, ηab, can be used to lower and raise tangent-space indices. Any n indices inside parentheses (brackets)
denote symmetrization (antisymmetrization) with a factor 1/(n!).
Given that the tetrad is an orthonormal (and right-handed) basis, the components of the spacetime volume
form in this basis,
ǫabcd = εµνρσe
µ
ae
ν
b e
ρ
ce
σ
d , (37)
may be regarded as the totally antisymmetric tensor with the convention that ǫ0123 = 1. The components ǫ0ijk are
written as ǫijk.
The spin connection is defined as
ωµab = gρσe
ρ
a∇µe
σ
b = −ωµba. (38)
It is possible to show that ∇µe
µ
a = η
cdeµcωµda. Thus, ∇µ is not the same derivative operator as the Dµ used in
Ref. [4], which annihilates the tetrad. This discrepancy is compensated by the definition of the spin connection
(38). In terms of the tetrad, the spacetime volume element is denoted by e.
The Dirac matrices γa are taken to satisfy
{γa, γb} = −2ηab. (39)
The matrices σab and γ5 are defined by
σab =
i
2
[γa, γb], (40)
γ5 = iγ
0γ1γ2γ3, (41)
and the spin matrix is
Σi = γ5γ
0γi =
1
2
ǫkl
iσkl. (42)
Throughout the paper, the Pauli–Dirac representation for the Dirac matrices is assumed. It is advantageous to use
the basis of Dirac matrices 1, γ0, γi, γ5, γ
0γi, γ0γ5, Σ
i, γ0Σi, where 1, γ0, Σi, γ0Σi are even (and Hermitian) and
the rest are odd. Finally, the covariant derivative acting on spinors takes the form
∇µψ = ∂µψ +
i
4
ωµabσ
abψ, ∇µψ¯ = ∂µψ¯ −
i
4
ωµabψ¯σ
ab. (43)
B Field redefinitions
The goal of this Appendix is to identify the combinations of SME coefficients which can have physical consequences
since they cannot be canceled with field redefinitions. Note that the method presented here is slightly different
from the one discussed by other authors [3, 4, 9, 8, 41, 45], where spurious SME coefficients are generated through
field redefinitions. The analysis is first done in a general spacetime, and the specific field redefinitions relevant for
this paper are then presented. The starting point is the action (1). As is discussed in Ref. [4], the spinor field can
redefined as
ψ = (1 + V )χ, (44)
where χ is a spinor field and
V =
(
v(1)µ + iv
(2)
µ
)
eµaγ
a +
(
v(3)µ + iv
(4)
µ
)
eµaγ5γ
a +
(
v(5)µν + iv
(6)
µν
)
eµae
ν
bσ
ab, (45)
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with v
(5)
µν = −v
(5)
νµ and v
(6)
µν = −v
(6)
νµ . If V is linear in the SME coefficients, the action for χ, to first order in the
Lorentz-violating coefficients, takes the form
S =
∫
d4xe
[ i
2
eµa χ¯(Γ
a +∆Γa)∇µχ−
i
2
eµa(∇µχ¯)(Γ
a +∆Γa)χ− χ¯(M +∆M)χ
]
, (46)
where
∆Γa = γaV + V ∗γa,
= −4v(6)µν η
aceµb e
ν
cγ
b − 2v(5)µν ǫ
acd
be
µ
c e
ν
dγ5γ
b − 2v(1)µ η
abeµb + 2iv
(4)
µ η
abeµb γ5
−
(
2v(2)µ e
µ
[cδ
a
d] + v
(3)
µ ǫ
ab
cde
µ
b
)
σcd, (47)
and
∆M = m(V + V ∗) +
i
2
eµa (−γ
a(∂µV ) + (∂µV
∗)γa) +
1
8
eµaωµcd
(
[V ∗, σcd]γa − γa[V, σcd]
)
= −∇µv
(2)µ − i∇µv
(3)µγ5 +
(
2mv(1)µ e
µ
a − 2(∇µv
(5)
νρ )g
µνeρa
)
γa +
(
2mv(3)µ e
µ
a − ǫ
bcd
ae
µ
b e
ν
ce
ρ
d∇µv
(6)
νρ
)
γ5γ
a
+
[
− (∇[µv
(1)
ν] )e
µ
ae
ν
b −
1
2
(∇µv
(4)
ν )ǫ
cd
abe
µ
c e
ν
d + 2mv
(5)
µν e
µ
ae
ν
b
]
σab. (48)
The effective coefficients are defined as those in the action (46), concretely
Γa +∆Γa = γa − ceffµνη
aceµb e
ν
cγ
b − deffµνη
aceµb e
ν
cγ5γ
b − eeffµ η
aceµc − if
eff
µ η
aceµc γ5 −
1
2
geffµνρη
abeµc e
ν
de
ρ
bσ
cd, (49)
M +∆M = meff + imeff5 γ5 + a
eff
µ e
µ
aγ
a + beffµ e
µ
aγ5γ
a +
1
2
Heffµν e
µ
ae
ν
bσ
ab. (50)
The idea is to choose V in such a way that most components of the effective coefficients cancel. However, to avoid
generating spacetime-dependent meff and meff5 , it is necessary to take
∇µv
(2)µ = ∇µv
(3)µ = 0. (51)
Incidentally, spacetime-dependent masses have been considered as alternative explanations for astrophysical obser-
vations [46] and some neutrino anomalies [47]. In addition to Eq. (51), it is convenient to set
v(1)µ = −
1
2
eµ, v
(4)
µ =
1
2
fµ, v
(5)
µν = −
1
8
εµν
ρσdρσ , v
(6)
µν = −
1
4
c[µν]. (52)
With these choices the effective coefficients become
meff = m, (53a)
meff5 = m5, (53b)
aeffµ = aµ −meµ −
1
4
εµ
νρσ∇νdρσ, (53c)
beffµ = bµ + 2mv
(3)
µ −
1
4
εµ
νρσ∇νcρσ, (53d)
ceffµν = c(µν), (53e)
deffµν = d(µν), (53f)
eeffµ = 0, (53g)
f effµ = 0, (53h)
geffµνρ = gµνρ + 4v
(2)
[µ gν]ρ + 2εµνρ
σv(3)σ , (53i)
Heffµν = Hµν −
m
2
εµν
ρσdρσ +∇[µeν] −
1
2
εµν
ρσ∇ρfσ. (53j)
In a general case, it is suitable to set v
(2)
µ = v
(3)
µ = 0, which leads to results that are in agreement with Ref. [4].
However, in this work, the SME coefficients have vanishing covariant derivatives, and V can be chosen in such way
that parts of gµνρ cancel while, at the same time, Eq. (51) is satisfied. In particular, the selection
v(2)µ = −
1
6
gρσgµρσ, v
(3)
µ = −
1
12
εµ
νρσgνρσ, (54)
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can be used to cancel the axial and trace components of gµνρ, defined in Eqs. (27). With these elections, m
eff , meff5 ,
ceffµν , d
eff
µν , e
eff
µ , and f
eff
µ are given as in Eqs. (53), and the remaining effective coefficients are
aeffµ = aµ −meµ, (55a)
beffµ = bµ −
m
6
εµ
νρσgνρσ, (55b)
geffµνρ = g
(M)
µνρ , (55c)
Heffµν = Hµν −
m
2
εµν
ρσdρσ, (55d)
where g
(M)
µνρ is defined in Eqs. (27).
Note that the spacetime metric and volume form enter in the effective coefficients. This suggests that, by doing
experiments in different gravitational environments, it may be possible to separate the effects of SME coefficients
that combine into an effective coefficient. In the particular case of the metric (7), it can be shown that, for all the
effective coefficients, the modification due to gravity is that all the coefficients have to be replaced by those having
a caret as introduced in Sec. 3. As an example, the components of Heffµν are derived. Using Eq. (37), it is possible
to check that
εµν
ρσ = ǫab
cdeαe e
β
f e
ρ
ce
σ
dgµαgνβη
aeηbf . (56)
Taking this into the account, it can be verified that
Heff0i = H0i −
m
2
(1 + Φ)ǫi
kldkl, H
eff
ij = Hij +mǫij
k(1 + Φ)−1d[0k], (57)
which, in turn, implies
Hˆeff0i = Hˆ0i −
m
2
ǫi
kldkl, H
eff
ij = Hij +mǫij
kdˆ[0k]. (58)
From these expressions it is possible to verify that the components of Hˆeffµν have the same functional form in terms
of Hˆµν and dˆµν as the corresponding effective coefficients have in terms of Hµν and dµν when gravity is disregarded.
Analogous conclusions can be reached for all the effective coefficients by doing the corresponding calculations.
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